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We make a general derivation for the magnetic dipole-dipole interaction based on the mediation of the quan-
tized electro-magnetic field. Due to the interaction with the dipoles, the dynamics of the field is added by
a dipole field, which finally gives rise to the dipole-dipole interaction. Different from previous studies, the
rotating-wave-approximation is no longer needed throughout this derivation, and our result naturally gives the
interaction for non-resonant dipoles. Moreover, our derivation also gives the counter-rotating interaction terms,
and even the mixed interaction terms between the permanent and transition dipoles. We notice that this field-
induced interaction is associated with the interference of the virtual/real photons emitted from the two dipoles,
thus the interaction strength could be influenced by the frequency difference of the two dipoles.
I. INTRODUCTION
The electric/magnetic dipole-dipole (DD) interaction exists
in many different physical systems [1–6], such as the elec-
tric interaction between the dielectric defects in solid-state
systems [7–11], and the magnetic interaction between the
nitrogen-vacancy and the nuclear spins around [12–15].
In classical electrodynamics, it is well-known that the mag-
netic dipole-dipole interaction is [16]
V =
µ0
4pir3
[
~m1 · ~m2 − 3(~m1 · eˆr)(~m2 · eˆr)
]
. (1)
For quantum systems, usually the DD interaction is obtained
by simply replacing the classical dipole moment ~mi with the
quantum operator mˆi.
But this interaction also can be considered in another way:
in principle, the DD interaction should be induced by the me-
diation of the EM field. To carry out this idea, we can derive
a Markovian master equation for two dipoles which are sepa-
rated by a certain distance and locally interacting with the EM
field, then the field-induced DD interaction appears as the off-
diagonal Lamb shift in the unitary correction term [17–21].
For two-level dipoles, this derivation gave a transition in-
teraction with the form Vˆ = g(σˆ+1 σˆ
−
2 + σˆ
−
1 σˆ
+
2 ) when their
transition frequencies were exactly resonant. In this lengthy
derivation, the rotating-wave-approximation (RWA) should be
applied in a proper way, and the counter-rotating interaction
terms cannot be obtained, which is different from the above
direct exchange method from Eq. (1).
Even for this resonant transition interaction, it turned out
the interaction strength g does not exactly return to the above
classical form (1), unless the distance between the two dipoles
is much smaller than the transition wavelength r/λ  1 (the
Dicke limit) [17–22].
We noticed that this difference can be understood if the
permanent and transition dipoles are treated separately [23].
By checking the dynamics of the EM field, we made another
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simplified way to derive the field-induced magnetic DD in-
teraction, which gives both the permanent and transition DD
interactions. The diagonal terms of the dipole operator corre-
spond to the permanent dipole moments, and their interaction
returns to the classical form directly. The off-diagonal terms
are the transition dipole moments, which indeed do not have
classical counterparts, thus their interaction intrinsically con-
tains quantum corrections and does not need to return to the
classical form exactly.
To make a more precise comparison with the interaction di-
rectly exchanged from the classical one, we still need to study
the DD interaction between non-resonant dipoles, as well as
the counter-rotating terms. In this paper, we make a more gen-
eral derivation for the field-induced interaction between two
magnetic dipoles with multiple energy levels. We calculate
the dynamics of the quantized EM field, and it becomes the
summation of the original vacuum field and the dipole field
due to the interaction with the dipoles. Then the DD interac-
tion is derived from the local interaction between the magnetic
dipole and the incoming dipole field. The RWA is no longer
needed through out this derivation, thus we can obtain the
field-induced interaction for non-resonant dipoles, and even
the counter-rotating interaction terms.
Different from the electric interactions, both the static and
radiative magnetic interactions are related to the transverse
modes of the EM field, and do not involve the longitudinal
modes [18, 20, 24]. Therefore, our derivations can be well
done under the Coulomb gauge and naturally gives both the
permanent and transition DD interactions between two non-
resonant dipoles. Moreover, our result also contains counter-
rotating interaction terms and the mixed interaction terms be-
tween the permanent and transition dipoles, which are usually
negligible under the RWA.
We notice that such field-induced DD interaction is asso-
ciated with the interference of the virtual/real photons emit-
ted from the two dipoles. As a result, the interaction strength
could be influenced by the the frequency difference of the two
dipoles.
This paper is organized as follows. In Sec. II, we introduce
the model setup and study the dynamics of the quantized EM
field induced by the magnetic dipoles. In Sec. III, we derive
the general result for the field-induced interaction between
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2two magnetic dipoles with multiple states. In Sec. IV, in the
example of two-level dipoles, we discuss the different inter-
action types according to our general result. Sec. V is a brief
summary.
II. FIELD DYNAMICS INFLUENCED BY DIPOLES
We consider there are two magnetic dipoles placed in the
EM field (HˆEM =
∑
kσ ~ωkaˆ
†
kσaˆkσ). Each dipole has mul-
tiple energy levels, and the self-Hamiltonian reads Hˆi =∑
x E
(x)
i |x〉i〈x| (i = 1, 2 for dipole-1,2), where E(x)i and |x〉i
are the eigen energy and the corresponding eigenstate.
The two magnetic dipoles interact with the EM field via the
interaction [23, 25]
Hˆint = −
∑
i=1,2
mˆi(t) · Bˆ(xi, t). (2)
Here mˆi is the magnetic dipole moment, xi is the position of
dipole-i. Under the Coulomb gauge, the quantized magnetic
field Bˆ (x, t) = ∇× Aˆ (x, t) reads as
Bˆ(x, t) =
∑
kσ
ieˆkσˇZk
[
aˆkσ(t)e
ik·x −H.c.
]
, (3)
where Zk :=
√
µ0~ωk/2V and eˆkσˇ := eˆk × eˆkσ . The index
σˇ refers to the polarization direction eˆkσˇ orthogonal to eˆkσ .
Generally, the dipole moment operator mˆi always can be
expanded as mˆi =
∑
x,y ~m
xy
i τˆ
xy
i , with ~m
xy
i := 〈x|mˆi|y〉i
as the dipole moment amplitude, and τˆxyi := |x〉i〈y| as the
unitless transition operator.
The diagonal elements ~mxxi = 〈x|mˆi|x〉i indicate the
expectation value of the dipole moment on the level |x〉i,
thus they are permanent dipoles. The off-diagonal elements
~mxyi = 〈x|mˆi|y〉i (x 6= y) are usually related to the photon
radiation process, and they are transition dipoles [23].
When the magnetic dipoles are placed in the EM field, they
change the original field dynamics. Then such influence prop-
agates to each other, and that is how the interaction is gener-
ated between the two dipoles.
To make further calculation, we first consider that only
dipole-1 is placed in the vacuum field, and study the field dy-
namics induced by dipole-1. With the above notations, such
interaction Hˆ(1)int = −mˆ1(t) · Bˆ(x1, t) can be rewritten as
Hˆ
(1)
int =
∑
xy,kσ
gxy1,kσ τˆ
xy
1 (t) aˆkσ(t) + H.c.,
gxyi,kσ = −i
(
~mxyi · eˆkσˇ
)
Zke
ik·xi . (4)
Here the coefficients gxyi,kσ enclose the contributions from the
EM field, the dipole moment ~mxyi , and the position xi.
Under this interaction, the field dynamics is given by the
Heisenberg equation ddt aˆkσ = −iωkaˆkσ − i~ [aˆkσ, Hˆ(1)int ],
which gives
aˆkσ(t) = aˆkσ(0)e
–iωkt−
∑
xy
i
~
(
gxy1,kσ
)∗ ∫ t
0
ds e–iωksτˆyx1 (t−s).
Here the first term comes from the free field, and the second
term is induced by the interaction with dipole-1.
Now we put this aˆkσ(t) back into the above magnetic
field Bˆ(x, t) [Eq. (3)], and it can be rewritten as Bˆ(x, t) =
Bˆ0(x, t) + BˆD1(x, t), where
Bˆ0 =
∑
kσ
ieˆkσˇZk
[
aˆkσ(0)e
ik·x−iωkt −H.c.
]
,
BˆD1 =
∑
kσ,xy
eˆkσˇZk
~
(
gxy1,kσ
)∗
eik·x
∫ t
0
ds e−iωksτˆyx1 (t− s)
+ H.c. (5)
Here Bˆ0(x, t) is the original free field when there are no
dipoles. The presence of dipole-1 changes the EM field, and
gives rise to BˆD1(x, t), which we call as the dipole field.
When this dipole field propagates to dipole-2, the dipole-
dipole interaction is induced.
III. INTERACTION PROPAGATED BY THE DIPOLE
FIELD
Now we consider dipole-2 is placed in the field (mˆ2 =∑
uv ~m
uv
2 τˆ
uv
2 ), which interacts with EM field locally via
Hˆ
(2)
int = −mˆ2(t) · Bˆ(x2, t). Clearly, the dipole-dipole inter-
action is the part induced by the above dipole field BˆD1(x, t)
[Eq. (5)], which can be rewritten as
Hˆ1→2 =− mˆ2(t) · BˆD1(x2, t) =
∑
uv
∑
kσ,xy
− i
~
(
gxy1,kσ
)∗
guv2,kσ
∫ t
0
ds e−iωksτˆyx1 (t− s) · τˆuv2 (t) + H.c.
=
∑
uv,xy
∫ t
0
dsDyx,uv1→2 (s) τˆyx1 (t− s) · τˆuv2 (t) + H.c. (6)
In the last line, we collect the mode summation of kσ into a convolution kernel Dyx,uv1→2 (s), which is defined as
Dyx,uv1→2 (s) :=
∑
kσ
− i
~
(
gxy1,kσ
)∗
guv2,kσ e
−iωks := −i
∫ ∞
0
dω
2pi
Jyx,uv1→2 (ω)e
−iωs. (7)
3Here we define Jyx,uv1→2 (ω) :=
2pi
~
∑
kσ
(
gxy1,kσ
)∗
guv2,kσδ(ω − ωk) as the coupling spectral density, which can be used to turn the
above summation of kσ into a continuous integral [23, 26]. For the free-space EM field it can be explicitly calculated out as (see
Appendix A)
Jyx,uv1→2 (ω) =
µ0
2pir3
{
~myx1 · ~muv2
[
η2 sin η + η cos η − sin η]
− 3(~myx1 · eˆr)(~muv2 · eˆr)
[1
3
η2 sin η + η cos η − sin η]}, (8)
where we denote η := kr = ωr/c, c is the velocity of light, and r = |x1 − x2| is the distance between the two dipoles. We can
see Jyx,uv1→2 (ω) = −Jyx,uv1→2 (−ω) is an odd function, and Juv,yx2→1 (ω) = Jyx,uv1→2 (ω). When ω → 0, we have Jyx,uv1→2 (ω)→ 0.
The interaction (6) naturally has a retarded form, and up to
now it is still an exact result without any approximation. Here
the kernel function Dyx,uv1→2 (s) characterizes the propagating
process of the interaction, and it is a fasting-decaying function
of t, because its (half-)Fourier image Jyx,uv1→2 (ω) has a quite
wide spectrum.
Since Dyx,uv1→2 (t) is already of the second order of the field-
dipole interaction gxy,uvi,kσ , thus we make an approximation [17,
23]
τˆyx1 (t− s) ' τˆyx1 (t) · eiΩ
yx
1 s, (9)
where Ωyx1 := (E
(y)
1 − E(x)1 )/~ is the transition frequency be-
tween the two energy levels |y〉1 and |x〉1. That means, its
dynamics is governed only by the self-Hamiltonian Hˆ1, with-
out considering its interaction with the field of higher orders.
Then the interaction (6) would become local in time, which is
composed of summation terms ∼ τˆyx1 (t) · τˆuv2 (t) multiplying
by time-independent interaction strengths.
Further, since Dyx,uv1→2 (t) decays very fast to zero, we can
extend the time integral in Eq. (6) to t→∞, and that reduces
the interaction Hamiltonian as
Hˆ1→2 =
∑
xy,uv
ξyx,uv1→2 τˆ
yx
1 τˆ
uv
2 + H.c., (10)
where ξyx,uv1→2 is calculated by
1
ξyx,uv1→2 = −i
∫ t→∞
0
ds
∫ ∞
0
dω
2pi
Jyx,uv1→2 (ω)e
i(Ωyx1 −ω)s
=P
∫ ∞
0
dω
2pi
Jyx,uv1→2 (ω)
Ωyx1 − ω
− i
2
∫ ∞
0
dωJyx,uv1→2 (ω)δ(Ω
yx
1 − ω).
(11)
By rearranging the summation indices, the interaction (6)
can be rewritten as
Hˆ1→2 =
∑
xy,uv
Λyx,uv1→2 τˆ
yx
1 τˆ
uv
2 ,
Λyx,uv1→2 = ξ
yx,uv
1→2 + (ξ
xy,vu
1→2 )
∗
= Kyx,uv1→2
(
Ωyx1
)− i
2
Jyx,uv1→2
(
Ωyx1
)
, (12)
1 Here we used the relation
∫∞
0 ds e
iωs = piδ(ω)+ iP 1
ω
, andPmeans the
principal integral.
where Kyx,uv1→2
(
Ωyx1
)
is given by the function
Kyx,uv1→2 (Ω) := P
∫ ∞
−∞
dω
2pi
Jyx,uv1→2 (ω)
Ω− ω
=
µ0
4pir3
{
~myx1 · ~muv2 [cos η − η sin η − η2 cos η]
−3(~myx1 · eˆr)(~muv2 · eˆr)[cos η − η sin η −
1
3
η2 cos η]
}
,
(13)
with the ratio η = Ωr/c. Here we have utilized the re-
lations Ωyx1 = −Ωxy1 , Jyx,uv1→2 (−ω) = −Jyx,uv1→2 (ω), and
[Jxy,vu1→2 (ω)]
∗ = Jyx,uv1→2 (ω). Notice that K
yx,uv
1→2 (Ω) =
Kyx,uv1→2 (−Ω) is an even function.
Following the same method as above, we should also con-
sider the symmetric procedure that dipole-2 generates a dipole
field BˆD2(x, t) and then interacts with dipole-1. That results
to an interaction Hamiltonian Hˆ2→1 =
∑
Λuv,yx2→1 τˆ
uv
2 τˆ
yx
1 ,
which can be simply obtained by making proper variable ex-
changes from the above results. Finally, the total interaction
between the two dipoles should be the average of the these
two symmetric procedures Hˆ1↔2 = 12 (Hˆ1→2 + Hˆ2→1), and
we rewrite it as
Hˆ1↔2 :=
∑
xy,uv
(G(P)yx,uv +G
(D)
yx,uv)τˆ
yx
1 τˆ
uv
2 ,
G(P)yx,uv =
1
2
[Kyx,uv1→2 (Ω
yx
1 ) +K
uv,yx
2→1 (Ω
uv
2 )], (14)
G(D)yx,uv =
1
4i
[
Jyx,uv1→2 (Ω
yx
1 ) + J
uv,yx
2→1 (Ω
uv
2 )
]
.
Here the interaction strength is divided into two parts: the
principal term G(P)yx,uv comes from the principal integral
which is associated with virtual photon exchange, while the
dissipation correction G(D)yx,uv is associated with the real pho-
ton emission in the atom decay process [27, 28]. Notice here
Jyx,uvi→j (·) and Kyx,uvi→j (·) are not necessarily real numbers,
which are determined by the vectors ~myxi = 〈y|mˆi|x〉i.
Now we derived the general result for the field-induced
interaction between two magnetic dipoles. No RWA was
adopted, and there was no special requirement for the tran-
sition frequencies Ωyxi . In the following, we will clarify the
physical meaning of the different interaction terms in this re-
sult with the help of an example on a pair of two-level dipoles.
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FIG. 1. Demonstration for a pair of two-level dipoles. Here Ωi :=
Ωegi = (E
(e)
i − E(g)i )/~ is the transition frequency for i = 1, 2.
IV. A PAIR OF TWO-LEVEL DIPOLES
The above result (14) applies for general multi-state sys-
tems, and contains the interaction between any two matrix el-
ements of the two dipole operators mˆi =
∑
~mxyi τˆ
xy
i . Now
we focus on an example that the two dipoles both have only
two energy levels (Fig. 1), and discuss the different interaction
types in the above general result (14) separately.
Permanent dipoles:
We first look at the interaction between the diagonal terms
Hˆxx,yy := (G
(P)
xx,yy +G
(D)
xx,yy)τˆ
xx
1 τˆ
yy
2 , (15)
where τˆxxi = |x〉i〈x| for x = e, g. In the interaction strength
G
(...)
xx,yy , the dipole moment vector ~mxxi = 〈x|mˆi|x〉i is the
expectation value of the dipole operator mˆi on the state |x〉i,
thus we say mˆxxi := ~m
xx
i τˆ
xx
i is the permanent dipole operator.
For these permanent dipole moments, the transition fre-
quencies are Ωxxi = 0, thus the dissipation correction vanishes
G
(D)
xx,yy = 0, and the principal termG
(P)
xx,yy directly returns the
classical result [see Ω→ 0 in Eqs. (13, 14)]. Finally, such in-
teraction terms can be written as
Hˆxx,yy =
µ0
4pir3
[mˆxx1 · mˆyy2 − 3(mˆxx1 · eˆr)(mˆyy1 · eˆr)], (16)
which has exactly the same form with the classical one.
Resonant transition dipoles:
Now we consider the interaction term between resonant
transition dipoles. For the transition operators τˆ+1 := |e〉1〈g|,
τˆ−2 := |g〉2〈e|, with resonant transition frequencies Ωeg1 =
−Ωge2 := Ω, the corresponding interaction term is
Hˆeg,ge = (G
(P)
eg,ge +G
(D)
eg,ge) τˆ
+
1 τˆ
−
2 . (17)
From Eq. (14) we can see the two summation terms inG(D)eg,ge
exactly cancel each other [since Juv,yx2→1 (ω) = J
yx,uv
1→2 (ω)],
thus the dissipation term always vanishes (G(D)eg,ge = 0). The
two terms in the principal term equal to each other, and that
gives G(P)eg,ge = K
eg,ge
1→2(Ω). This result is the same as previous
calculations based on master equations [17–19, 21, 23]. This
principal interaction strength does not return to the classical
form directly, but returns at the Dicke limit r/λ → 0, where
λ is the wavelength of the transition frequency Ω.
Following the same discussion, there is also a conju-
gate term for the transition dipole interaction Hˆge,eg =
G
(P)
ge,eg τˆ
−
1 τˆ
+
2 , with G
(P)
ge,eg = [G
(P)
eg,ge]∗.
Non-resonant transition dipoles:
Further, we consider the case that frequencies of the two
transition dipoles are different Ω1 6= Ω2. In this case, the
above result (14) gives the principal term and the dissipation
correction as
G(P)eg,ge =
1
2
[
Keg,ge1→2(Ω1) +K
eg,ge
1→2(Ω2)
]
,
G(D)eg,ge =
1
4i
[
J eg,ge1→2(Ω1)− J eg,ge1→2(Ω2)
]
. (18)
Since Ω1 6= Ω2, the two terms in G(D)eg,ge can no longer can-
cel each other completely. Notice that, when deriving the
GKSL (Lindblad) master equation for an atomic system with
coherent transitions, there is also such a similar unitary cor-
rection term like G(D)eg,ge (see Eq. (12) in Ref. [27] or Eq. (17)
in Ref. [28]), which comes from the dissipation terms of the
master equation. Therefore, here we say G(D)xy,uv is the dissi-
pation correction. Similarly, the principal term becomes the
average of Keg,ge1→2(Ω1) and K
eg,ge
1→2(Ω2).
From this result we can see the two dipoles emit both
real and virtual photons, and they have interference with
each other. But due to the frequency difference, they can-
not achieve the complete interference as the above resonance
case, thus the two terms in G(D)eg,ge cannot cancel each other
exactly.
Counter-rotating terms and mixed terms:
It is worth noticing that the above interaction (14) also con-
tains counter-rotating terms, such as
Hˆeg,eg = (G
(P)
eg,eg +G
(D)
eg,eg) τˆ
+
1 τˆ
+
2 ,
G(P)eg,eg =
1
2
[
Keg,eg1→2(Ω1) +K
eg,eg
1→2(Ω2)
]
,
G(D)eg,eg =
1
4i
[
J eg,eg1→2(Ω1) + J
eg,eg
1→2(Ω2)
]
. (19)
Here the principal interaction strength G(P)eg,eg is quite similar
with the above transition interaction (18) (except the order-
ing difference in the superscript). The dissipation term G(D)eg,eg
always exists for nonzero Ωi.
Moreover, indeed the interaction (14) also contains
“mixed” interaction terms between the transition and perma-
nent dipoles, e.g.,
Hˆeg,gg = (G
(P)
eg,gg +G
(D)
eg,gg) τˆ
+
1 τˆ
gg
2 ,
G(P)eg,gg =
1
2
[
Keg,gg1→2(Ω1) +K
eg,gg
1→2(0)
]
G(D)eg,gg =
1
4i
J eg,gg1→2(Ω1), (20)
where Keg,gg1→2(0) has the classical interaction form.
Usually, these counter-rotating and mixed interaction terms
do not exhibit significant physical effects since they oscillate
5too fast (∼ e±i(Ω1+Ω2)t, or∼ e±iΩit) comparing with the typ-
ical time scale determined by the interaction energy G(...)xy,uv ,
thus averagely they do not have significant contributions and
can be omitted by the RWA. When the detuning between the
two frequencies is quite large (e.g., Ω1  Ω2), we have
Ω1−Ω2 ' Ω1 + Ω2 ' Ω1, then these oscillating terms could
be comparable with the non-resonant transition terms.
From this example of two-level dipoles, we can see the
above general result (14) indeed contains different types of
magnetic dipole-dipole interactions, and they are derived al-
together based on the field propagation. Clearly, the general-
ization to multi-state systems is straightforward.
In the Dicke limit (Ω1,2r/c → 0), we can see all the dissi-
pation corrections approach zero, and all the principal terms
approach Kyx,uv1→2 (0). Thus, after summing up all the above
terms, the interaction can be written as
Hˆ =
∑
xy,uv
Kyx,uv1→2 (0) τˆ
yx
1 τˆ
uv
2
=
∑
xy,uv
µ0
4pir3
[
~myx1 · ~muv2 − 3(~myx1 · eˆr)(~muv2 · eˆr)
]
τˆyx1 τˆ
uv
2
=
µ0
4pir3
[
mˆ1 · mˆ2 − 3(mˆ1 · eˆr)(mˆ2 · eˆr)
]
, (21)
which just returns the classical form (1). In this sense, such
field-induced interaction is consistent with that directly ex-
changed from the classical interaction. If the distance be-
tween the two dipoles is not short enough, the quantum cor-
rections in the off-diagonal interaction terms (the transition
terms, counter-rotating terms, and the mixed terms) should be
considered.
V. SUMMARY
In this paper we made a general derivation for the mag-
netic dipole-dipole interaction based on the propagation of the
quantized EM field. In this derivation, the two dipoles may
have multiple energy levels, and we only adopted the second-
order perturbation and the Markovian approximation, but did
not require the resonance condition. Since the RWA is no
longer needed, our result naturally gives the DD interaction
for non-resonant dipoles, and even the counter-rotating inter-
action terms, as well as the mixed interaction terms between
the permanent and transition dipoles. As long as the dipole op-
erator mˆ =
∑
~mxy|x〉〈y| is written down for a specific physi-
cal system, all these interaction terms can be derived based on
the field mediation.
From this result, we can notice that this field-induced DD
interaction is associated with the inference of the virtual/real
photons emitted from the two dipoles. As a result, the interac-
tion strength could be influenced by the frequency difference
of the two dipoles. If the two dipole moments has the same
frequency, our result naturally returns to the result in previous
studies. In principle, our derivation may also apply if the EM
field has special properties (e.g., by applying certain periodic
modulation or placing the system in a cavity with finite size
[23, 29–32]), or if the mediation field is not the EM field (e.g.,
the phonon field).
Acknowledgements - This study is supported by the Na-
tional Natural Science Foundation of China (Grant No.
11675014), the Ministry of Science and Technology of China
(2013YQ030595-3), and the BIT Research Fund Program for
Young Scholars. S.-W. Li appreciated quite much for the help-
ful discussions with N. Wu and D. Xu in Beijing Institute of
Technology.
Appendix A: The coupling spectral density in free space
Here we show the derivation of the coupling spectral density Jyx,uv1→2 (ω) in free space, which is define by
Jyx,uv1→2 (ω) :=
2pi
~
∑
kσ
(
gxy1,kσ
)∗
guv2,kσδ(ω − ωk), gxyi,kσ = −i
(
~mxyi · eˆkσˇ
)√µ0~ωk
2V
eik·xi . (A1)
The summation over k, σ is changed into integral by
∑
kσ
[...] −→
∑
σ
V
(2pi)3
∫
d3k [...] =
∑
σ
V
(2pic)3
∫
ω2dω
∫
dΩ [...] (A2)
Thus the coupling spectral density Jyx,uv1→2 (ω) is given by (denoting r := x2 − x1)
Jyx,uv1→2 (ω) =
2pi
~
· V ω
2
(2pic)3
· µ0~ω
2V
∫ 2pi
0
dϕ
∫ pi
0
sin θdθ eik·(x2−x1)
[∑
σ
(~myx1 · eˆkσˇ) (~muv2 · eˆkσˇ)
]
=
1
(2pi)2c3
µ0ω
3
2
∫ 2pi
0
dϕ
∫ pi
0
sin θdθ eik·r
[
~myx1 · ~muv2 − (~myx1 · eˆk) (~muv2 · eˆk)
]
. (A3)
6Finally this integral gives (denoting k := ω/c, see Ref. [23])
Jyx,uv1→2 (ω) =
µ0k
3
2pi
{
~myx1 · ~muv2
[ sin kr
kr
+
cos kr
(kr)2
− sin kr
(kr)3
]
− (~myx1 · eˆr) (~muv2 · eˆr)
[ sin kr
kr
+
3 cos kr
(kr)2
− 3 sin kr
(kr)3
]}
. (A4)
From this expression, we can see Jyx,uv1→2 (−ω) = −Jyx,uv1→2 (ω) is an odd function of ω. And we also have the following relation
when exchanging the indices:
Juv,yx2→1 (ω) :=
2pi
~
∑
kσ
(
gvu2,kσ
)∗
gyx1,kσδ(ω − ωk) = [Jxy,vu1→2 (ω)]∗ = Jyx,uv1→2 (ω). (A5)
[1] S. Oh, Z. Huang, U. Peskin, and S. Kais, Physical Review A
78, 062106 (2008).
[2] F. Hu, W. Jia, and Q. Zhao, Annals of Physics 392, 1 (2018).
[3] G. Balasubramanian, I. Chan, R. Kolesov, M. Al-Hmoud,
J. Tisler, C. Shin, C. Kim, A. Wojcik, P. R. Hemmer,
A. Krueger, et al., Nature 455, 648 (2008).
[4] K. Pervushin, R. Riek, G. Wider, and K. Wüthrich, Proceedings
of the National Academy of Sciences 94, 12366 (1997).
[5] S. Yang, D. Xu, Z. Song, and C. Sun, The Journal of chemical
physics 132, 234501 (2010).
[6] R. El-Ganainy and S. John, New Journal of Physics 15, 083033
(2013).
[7] J. M. Martinis, K. B. Cooper, R. McDermott, M. Steffen,
M. Ansmann, K. Osborn, K. Cicak, S. Oh, D. P. Pappas, R. W.
Simmonds, et al., Physical Review Letters 95, 210503 (2005).
[8] H. Paik, D. Schuster, L. S. Bishop, G. Kirchmair, G. Catelani,
A. Sears, B. Johnson, M. Reagor, L. Frunzio, L. Glazman, et al.,
Physical Review Letters 107, 240501 (2011).
[9] C. Rigetti, J. M. Gambetta, S. Poletto, B. Plourde, J. M. Chow,
A. Córcoles, J. A. Smolin, S. T. Merkel, J. Rozen, G. A. Keefe,
et al., Physical Review B 86, 100506 (2012).
[10] J. Lisenfeld, A. Bilmes, S. Matityahu, S. Zanker, M. Marthaler,
M. Schechter, G. Schön, A. Shnirman, G. Weiss, and A. V.
Ustinov, Sci. Rep. 6, 23786 (2016).
[11] J. M. Martinis, K. B. Cooper, R. McDermott, M. Steffen,
M. Ansmann, K. D. Osborn, K. Cicak, S. Oh, D. P. Pappas,
R. W. Simmonds, and C. C. Yu, Phys. Rev. Lett. 95, 210503
(2005).
[12] N. Zhao, S.-W. Ho, and R.-B. Liu, Physical Review B 85,
115303 (2012).
[13] M. Žnidaricˇ, T. Prosen, and P. Prelovšek, Physical Review B
77, 064426 (2008).
[14] M. W. Doherty, N. B. Manson, P. Delaney, F. Jelezko,
J. Wrachtrup, and L. C. L. Hollenberg, Phys. Rep. 528, 1
(2013).
[15] J. Wrachtrup and F. Jelezko, J. Phys.: Condens. Matter 18, S807
(2006).
[16] J. D. Jackson, Classical Electrodynamics Third Edition, 3rd ed.
(Wiley, New York, 1998).
[17] R. Lehmberg, Physical Review A 2, 883 (1970).
[18] G. S. Agarwal, Quantum statistical theories of spontaneous
emission and their relation to other approaches (Springer,
1974).
[19] Z. Ficek, R. Tanas´, and S. Kielich, Physica A: Statistical Me-
chanics and its Applications 146, 452 (1987).
[20] D. P. Craig and T. Thirunamachandran, Molecular quantum
electrodynamics (Dover Publications, Mineola, N.Y, 1998).
[21] Z. Ficek and S. Swain, Quantum interference and coherence:
theory and experiments, Vol. 100 (Springer Science & Business
Media, 2005).
[22] R. H. Dicke, Physical Review 93, 99 (1954).
[23] J. Wang, H. Dong, and S.-W. Li, Physical Review A 97, 013819
(2018).
[24] C. Cohen-Tannoudji, J. Dupont-Roc, and G. Grynberg, Pho-
tons and Atoms: Introduction to Quantum Electrodynamics, 1st
ed. (Wiley-VCH, New York, 1989).
[25] S. Weinberg, Lectures on Quantum Mechanics (Cambridge
University Press, Cambridge, UK, 2012).
[26] H. Breuer and F. Petruccione, The theory of open quantum sys-
tems (Oxford University Press, 2002).
[27] S.-W. Li, C. Cai, and C. Sun, Annals of Physics 360, 19 (2015).
[28] S.-W. Li, M. B. Kim, and M. O. Scully, arXiv preprint
arXiv:1604.03091 (2016).
[29] D. G. Baranov, R. S. Savelev, S. V. Li, A. E. Krasnok, and
A. Alù, arXiv:1610.02001 (2016).
[30] M. Donaire, J. M. Muñoz-Castañeda, and L. M. Nieto, Phys.
Rev. A 96, 042714 (2017).
[31] Y. Tang, W. Kao, K.-Y. Li, and B. L. Lev, Phys. Rev. Lett. 120
(2018), 10.1103/PhysRevLett.120.230401.
[32] E. J. Davis, G. Bentsen, L. Homeier, T. Li, and M. H.
Schleier-Smith, Phys. Rev. Lett. 122 (2019), 10.1103/Phys-
RevLett.122.010405.
